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Abstract
In this paper, we study the following integral equation:
u(x) =
∫
RN
u(y)(N+α)/(N−α) dy
|x − y|N−α ,
where α is a real number satisfying 0 < α < N . We introduce an integral form of the method of moving spheres to give a different
proof of a classification result for the integral equation.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we study the following integral equation:
u(x) =
∫
RN
u(y)(N+α)/(N−α) dy
|x − y|N−α , (1.1)
where α is a real number satisfying 0 < α < N . Lieb proved in [11], among other things, that there exist maximizing
functions, f , for the Hardy–Littlewood–Sobolev inequality on RN ,∥∥∥∥
∫
RN
f (y)
| · −y|λ dy
∥∥∥∥
Lq(RN)
Cp,λ,N‖f ‖Lp(RN),
with Cp,λ,N being the sharp constant and 1p + λN = 1 + 1q , 1 < p,q, Nλ < +∞. When p = 2NN−λ , q = 2Nλ , the Euler–
Lagrange equation for a maximizing f is, modulo a positive constant multiple,
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∫
RN
f (y)
|x − y|λ dy. (1.2)
Let λ = N − α and u = f p−1, then Eq. (1.2) becomes (1.1). After classifying all maximizing solutions of (1.1), Lieb
posed the classification of the solutions of the integral equation (1.1) as an open problem.
In a recent paper, Chen, Li and Ou [4] used the method of moving planes to obtain the following result which
answer the open problem of Lieb in the class of L
2N
N−α
loc (R
N).
Theorem 1.1. Let u ∈ L
2N
N−α
loc (R
N) be a positive function satisfying (1.1). Then u(x) is radially symmetric and has the
form
u(x) ≡
(
a
d + |x − x¯|2
)N−α
2
,
for some constants a, d > 0 and x¯ ∈RN .
It is well known that the method of moving planes was invented by the Soviet mathematician Alexandrov in the
early 1950s, and further developed by Serrin [13], Gidas, Ni and Nirenberg [7], Caffarelli, Gidas and Spruck [2], and
others. The method has become a very powerful tool in the study of nonlinear elliptic equations.
To prove Theorem 1.1, Chen, Li and Ou introduced an integral form of the method of moving planes which is dif-
ferent from the traditional method of moving planes. By exploring various specific features possessed by the integral
equation in its global form, they established the symmetry results. In [5], Damascelli and Gladiali independently in-
troduced the integral form of the method moving planes, their idea originally due to Terracini [14,15]. Damascelli and
Gladiali investigate the nonexistence of positive solutions of the equation −u = f (u) in RN , where the nonlinearity
f is only assumed to be continuous. Here, the method of moving planes for classical solutions is not able to be applied
directly, some other new techniques are needed. In a recent paper of Guo, Liu and the first author [6], they proved
some new Liouville-type theorems for polyharmonic systems in RN by using the method of moving planes combined
with integral inequalities and Hardy’s inequality.
Now, we turn our attention to problem (1.1). We note that Li [8] obtained a regularity result about the problem (1.1),
and used the method of moving spheres to prove the same classification result. The regularity result is as follows:
Theorem 1.2. Let u ∈ L
2N
N−α
loc (R
N) be a positive solution of (1.1). Then u ∈ C∞(RN).
The method of moving spheres is a variant of moving planes. Roughly speaking, one makes reflection with respect
to spheres instead of planes, and then obtain the symmetry of solutions. The method of moving spheres were used by
Chou and Chu [1], Padilla [12], Chen and Li [3], Li and Zhu [10], Li and Zhang [9]. Note that, Li and Zhang had made
significant simplification to the proof in [10]. The method of moving spheres capture the solutions directly rather than
going through the usual procedure of proving radial symmetry of solutions and then classifying radial solutions.
Motivated by the works of [4,5,8–10,14,15], we used the method of moving spheres combined with integral in-
equalities and Hardy–Littlewood–Sobolev inequality to reprove Theorem 1.1. The technique we used is different from
the traditional method of moving spheres for PDEs. For the method of moving spheres, roughly speaking, there are
three steps, one is to get started with the procedure, second is to prove that the function and the reflected on coincide
if the procedure stops, and the third is to handle the case when the procedure never stops. The technique we used
modified the first two steps. The method we used seem to be more simple than traditional method of moving spheres.
And we expect to see applications of this technique to many other problems.
In Section 2, we prove Theorem 1.1. We use C for a general positive constant which is usually different in different
context.
2. Proof of Theorem 1.1
Let v be a positive function on RN , for x ∈RN and λ > 0, we define
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(
λ
|y − x|
)N−α
v
(
yx,λ
)
, y ∈RN, (2.1)
where
yx,λ = x + λ
2(y − x)
|y − x|2 . (2.2)
Set τ = N+α
N−α , a direct computation yields the following lemma.
Lemma 2.1. For any solution u(x) of (1.1), we have
ux,λ(y) − u(y) =
∫
|y−x|λ
[
1
|y − z|N−α −
(
λ
|y − x|
)N−α 1
|yx,λ − z|
](
ux,λ(z)
τ − u(z)τ )dz. (2.3)
Lemma 2.2. For x ∈RN , there exists λ0(x) > 0 such that
ux,λ(y) u(y), ∀0 < λ < λ0(x), |y − x| λ. (2.4)
Proof. Define
Σx,λ =
{
y ∈RN : |y − x| λ}
and
Σ−x,λ =
{
y ∈ Σx,λ: u(y) < ux,λ(y)
}
.
By Lemma 2.1, it is easy to verify that
ux,λ(y) − u(y)
∫
Σx,λ
1
|y − z|N−α
(
ux,λ(z)
τ − u(z)τ )dz C
∫
Σx,λ
1
|y − z|N−α u
τ−1
x,λ (ux,λ − u)dz.
It follows first from the Hardy–Littlewood–Sobolev inequality, and then Hölder inequality,
‖ux,λ − u‖Lτ+1(Σ−x,λ)  C
( ∫
Σ−x,λ
uτ+1x,λ (y) dy
) α
N ‖ux,λ − u‖Lτ+1(Σ−x,λ)
 C
( ∫
|y−x|λ
uτ+1(y) dy
) α
N ‖ux,λ − u‖Lτ+1(Σ−x,λ). (2.5)
Since u ∈ Lτ+1loc (RN), we can choose λ0 sufficiently small such that for 0 < λ < λ0, we have
C
( ∫
|y−x|λ
uτ+1(y) dy
) α
N
< 1.
Now, (2.5) implies that ‖ux,λ − u‖Lτ+1(Σ−x,λ) = 0, and therefore Σ
−
x,λ must be empty, and hence we get (2.4). 
Define, for x ∈RN ,
λ¯(x) = sup{μ > 0: ux,λ(y) u(y), ∀0 < λ < μ, |y − x| λ}.
Lemma 2.3. If λ¯(x0) < +∞ for some x0 ∈RN , then
ux0,λ¯(x0) ≡ u in RN. (2.6)
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ux0,λ¯(x0)(y) ≡ u(y) for |y − x0| λ¯.
By the definition of λ¯,
ux0,λ¯(x0)(y) u(y) for |y − x0| λ¯.
Suppose that ux0,λ¯(x0)(y) ≡ u(y) for |y − x0| λ¯, by Lemma 2.1, we have
ux0,λ¯(x0)(y) < u(y) for |y − x0| λ¯.
Let χS be the characteristic function of a set S. Then χΣ−x0,λ
→ 0 a.e. as λ → λ¯, and by Lebesgue dominated conver-
gence theorem,∫
(Σ−x0,λ)
∗
uτ+1(y) dy =
∫
|y−x0|λ¯+1
χ(Σ−x0,λ)
∗uτ+1(y) dy → 0, as λ → λ¯, (2.7)
where (Σ−x0,λ)
∗ is the reflection of Σ−x0,λ about the sphere {|x − x0| = λ}. From the first inequality of (2.5),
‖ux,λ − u‖Lτ+1(Σ−x0,λ)  C
( ∫
(Σ−x0,λ)
∗
uτ+1(y) dy
) α
N ‖ux,λ − u‖Lτ+1(Σ−x0,λ). (2.8)
By (2.7), we can choose ε sufficiently small such that for all λ ∈ [λ¯, λ¯ + ε),
C
( ∫
(Σ−x0,λ)
∗
uτ+1(y) dy
) α
N
< 1.
Now by (2.8), we have ‖ux,λ − u‖Lτ+1(Σ−x0,λ) = 0, and therefore L
τ+1(Σ−x0,λ) must be empty. Thus we have
ux0,λ(y) u(y), |y − x0| λ,
for λ ∈ [λ¯, λ¯ + ε), which contradicts the definition of λ¯. 
We present two calculus lemmas from [8]. These two lemmas have been used repeatedly in many works.
Lemma 2.4. For N  1 and ν ∈R, let f be a function defined on RN and valued in [−∞,+∞] satisfying(
λ
|y − x|
)ν
f
(
x + λ
2(y − x)
|y − x|2
)
 f (y), ∀|x − y| > λ > 0.
Then f ≡ constant or ±∞.
Lemma 2.5. Let N  1, ν ∈R and f ∈ C(RN). Suppose that for every x ∈RN , there exists λ(x) > 0 such that(
λ
|y − x|
)ν
f
(
x + λ
2(y − x)
|y − x|2
)
= f (y), ∀y ∈RN \ {x}.
Then, for some a  0, d > 0 and x¯ ∈RN ,
f (x) ≡ ±a
(
1
d + |x − x¯|2
) ν
2
.
Proof of Theorem 1.1. (i) If there exists some x0 ∈RN such that λ¯(x0) < +∞, then by Lemma 2.3,
lim |y|N−αu(y) = λ¯(x0)N−αu(x0) < ∞. (2.9)|y|→∞
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ux,λ(y) u(y), ∀0 < λ < λ¯(x), |y − x| λ.
Multiply the above by |y|N−α and let |y| → +∞,
lim inf|y|→∞ |y|
N−αu(y) λN−αu(x), ∀0 < λ < λ¯(x).
By (2.9), λ¯(x) < ∞, ∀x ∈RN . By Lemma 2.3,
ux,λ¯(x) ≡ u on RN, ∀x ∈RN.
By Lemma 2.5,
u(x) ≡ a
(
1
d + |x − x¯|2
)N−α
2
,
where a, d > 0 and x¯ ∈RN .
(ii) If λ¯(x) = ∞ for all x ∈RN , then
ux,λ¯(y) u(y), ∀|y − x| λ > 0, x ∈RN.
By Lemma 2.4, u ≡ constant, which contradicts with (1.1). Theorem 1.1 is established. 
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